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ABSTRACT
We present an experimental demonstration of a class of beams, namely Frozen Waves, that can carry predeter-
mined longitudinal intensity profiles in the presence of modeled loss. These waveforms consist of a superposition
of equal frequency Bessel beams with different transverse and longitudinal wavenumbers, and are generated us-
ing a programmable spatial light modulator addressed by computer-generated hologram. Attenuation-resistant
Frozen Waves can address challenges associated with light-matter interaction in absorbing media encountered in
imaging, remote sensing, and particle micro-manipulation, to name a few.
Keywords: Lasers, Laser beam shaping; Fourier optics and signal processing, Spatial light modulators;Physical
optics, Laser beam transmission.
1. INTRODUCTION
Bessel beams are regarded as non-diffracting beams as they can maintain their transverse profiles for long prop-
agation distances. In addition, a Bessel beam has self-healing properties as it can reconstruct itself after encoun-
tering an obstruction.1 These interesting characteristics of Bessel beams, namely the diffraction-resistance and
self-reconstruction, have triggered much interest to utilize them in many applications ranging from imaging,2–4
to particle micro-manipulation,5,6 and material processing,7 to name a few.
Although Bessel beams have addressed many of the challenges accompanying the aforementioned applications,
other limitations still exist. For instance, most of the above applications involve light-matter interaction in
absorbing media such as biological tissues or fluids. In such media, Bessel beams (along other classes of beams)
typically suffer an exponential decay during propagation, which limits the propagation range of the beam.
Very few efforts have attempted to tackle the challenge of the decaying beam intensity in the presence of
absorption. For example, in Ref.,8 an exponential intensity axicon (exicon) has been utilized to generate a
constant intensity Bessel beam in an absorbing fluid. Another approach has been presented in Ref.9 to generate
self-accelerating beams that maintain a constant intensity in lossy materials. Indeed, these efforts represent a
promising step towards generating attenuation resistant beams; nevertheless, they did not provide a method to
tailor the longitudinal intensity profile of the beam according to predefined arbitrary patterns; a requirement
that becomes crucial in real applications such as material processing and data communication, and that can
potentially be addressed using Frozen Waves (FWs).10,11
FWs are class of beams composed of equal frequency Bessel beams of the same order and different transverse
and longitudinal wavenumbers. They posses static envelopes that can acquire a predefined longitudinal intensity
pattern. FWs have been demonstrated in air (in the absence of material absorption).12,13 The possibility to
engineer such beams to overcome absorption has only been presented theoretically in Ref.14 In this work, using
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a programmable spatial light modulator, we experimentally demonstrate attenuation-resistant FWs that can
maintain a predefined intensity profile in its central spot even in the presence of losses.
The generated beams offer a very promising platform to address many of the challenges encountered in
biological imaging, particle micro-manipulation, and remote sensing, all of which involve light-matter interaction
in absorbing media.
2. METHODOLOGY
The theoretical derivation of attenuation-resistant FWs has been first presented in Ref.14 and has been further
modified in Ref.15 to account for the case when the beam is initially generated in a lossless medium before
penetrating the lossy medium. Here, we will adopt the recent formulation in Ref. 15 as it is encountered more
frequently in practice. The generated beam is designed to acquire a longitudinal intensity profile over a finite
distance L in a linear, isotropic, and homogeneous medium with a complex index of refraction n = nr + ini. The
beam is regarded as a superposition of 2N + 1 equal frequency Bessel beams of order ` according to the equation
ψ(ρ, φ, z, t) = e−iωt
N∑
m=−N
AmJ`(ηmρ)e
iζmzei`φ. (1)
For the mth Bessel beam of order (`) in the superposition, the transverse wavenumber ηm is related to the
longitudinal wavenumber ζm according to the consistency relation η
2
m =
√
k2 − ζ2m. Here, k is a complex
wavenumber described by k = kr + iki. If the real part of ζm is chosen as ζrm = Q+
2pim
L (where Q is a constant
parameter as will be shown), and the transverse wavenumber is restricted to real values (thus representing
the case of initially generating the beam in a lossless material), then it follows that the imaginary part of the
longitudinal wavenumber is expressed as ζim =
ω2
c2
nrni
ζrm
. The transverse wavenumbers are thus given by 15
ηm =
√
(n2r − n2i )
ω2
c2
− (Q+ 2pim
L
)2 +
(
ω2
c2
nrni
Q+ 2pimL
)2
. (2)
To enforce positive values for the real part of the longitudinal wavenumber (ζrm) and real values for the transverse
wavenumebrs (ηrm), the following condition must be satisfied
0 ≤ (ζrm = Q+ 2pim
L
) ≤ ω
c
√
(n2r − n2i ) +
√
(n2r − n2i )2 + 4n2rn2i
2
. (3)
In addition, the coefficients Am represent different complex weighting factors for each Bessel beam in the super-
position in order to carry a predefined intensity profile F (z) along the longitudinal direction of the waveform.
These coefficient are obtained via
Am =
1
L
∫ L
0
F (z)e−(i
2pi
L m−ζi0)zdz. (4)
The effect of material loss is compensated in Eq. 4 by including the exponential growth term eζi0z, which was
not present in ordinary FWs. Similarly, other material loss profiles can be compensated in the integral of Eq. 4.
Once the numerical values of Q and L are chosen, equation 3 can be used to set an upper bound on the maximum
number of N in the Bessel beam superposition in Eq. 1. It should be noted that the parameter Q defines the
transverse localization of the beam.11
There are two possibilities for encoding the desired longitudinal pattern F (z) into the beam:
First, the pattern can be carried on the beam axis (ρ = 0) when only zero order Bessel beams (i.e. ` = 0) are
incorporated in Eq. 1. In that case, the radius of the spot size can be roughly estimated as ∆ρ0 =
2.4
η0
; where η0
is a function of the arbitrary parameter Q, according to Eq. 2.
Second, the pattern can be encoded on the surface of a cylinder with finite radius ρ` when higher order
Bessel beams (i.e. ` ≥ 1) are used in Eq. 1. In such case, the cylinder radius can be estimated by solving
∂
∂ρJ`(ρ
√
ω2/c2 −Q2)|ρ=ρ` = 0; which, again, exhibits a dependence on the parameter Q.
Proc. of SPIE Vol. 9893  989311-2
Downloaded From: http://proceedings.spiedigitallibrary.org/ on 07/27/2017 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx
Mt
D
In this paper, we consider zero-order Bessel beams (` = 0) that carry the desired longituinal intensity profile
in the central beam spot. An overview of the experimental setup used to generate these waveforms is provided
next.
3. EXPERIMENT
The experimental procedure can be described as follows: first, the Bessel Beam superposition in Eq. 1 is computed
and transformed into a 2D Computer Generated Hologram (CGH). Here, we adopted an amplitude mask to
express the complex transmission function of the FW at the origin of propagation (i.e. ψ(ρ, φ, z = 0, t)). The
hologram equation can be mathematically expressed as
H(x, y) =
1
2
{β(x, y) + α(x, y)cos[φ(x, y)− 2pi(u0x+ v0y)]}, (5)
where α(x, y) and φ(x, y) represent the amplitude and phase of ψ(ρ, φ, z = 0, t), respectively, and β(x, y) is a
bias function chosen as a soft envelope for the amplitude α(x, y) according to β(x, y) = [1 + α(x, y)2]/2.16 The
pattern is interfered with a plane wave exp[2pii(u0x + v0y)]. This shifts the encoded pattern off-axis, in the
Fourier plane, to the spatial frequencies (u0, v0); thus making it easier to filter out the shifted pattern from the
undesired on-axis noise by simply using a circular mask (iris). In our experiment, u0 and v0 were set to 1/(4∆x);
where ∆x is the SLM pixel pitch (∆x = 36 µm).
The hologram is addressed to a transmissive Spatial Light Modulator (Holoeye LC2012 SLM) which only
operates in a specific linear polarization and accordingly we use a polarizer-analyzer setup oriented at (0o) and
(90o) with respect to the SLM vertical axis, as depicted in Fig. 1.
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Figure 1. Experimental setup used to generate attenuation-resistant Frozen Waves.
The theoretical model presented above assumes infinite power flux that yield decaying periodic waveforms
in an absorbing medium.15 Therefore, a finite circular aperture is superimposed on the generated hologram of
Eq. 5. As a sufficient condition for the efficient generation of the desired waveform over a range (L), the aperture
typically has a minimum diameter (D) such that
D ≥ 2L
√
(
k
ζr(m=−N)
)2 − 1. (6)
The SLM encodes the amplitude CGH on a collimated 532 nm laser beam. The generated waveform is then
imaged using a 4-f optical system and an iris to pick the shifted first diffraction order while blocking the undesired
higher diffraction orders and the on-axis noise. Here, the focal length (f) of the convex lenses is 20 cm. The
evolution of the generated waveform is recorded using a CCD camera at discrete points along the longitudinal
direction. The plane (z = 0) lies in the focus of the second imaging lens (lens2), as shown in Fig. 1.
In order to include propagation loss effects in the experiment, we introduce a source of attenuation as
follows: at each discrete space point zj , the CCD camera records the waveform generated by the CGH in Eq. 5
multiplied by a constant factor (e−ζi0zj ). Here, ζi0 is the imaginary part of the longitudinal wavenumber and
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zj are the discrete sampling points, separated by 1 cm steps. This procedure models the exponential decay
profile that is typically experienced by the beam in a lossy medium, while bypassing the effects of air-to-medium
interface. Using the same experimental conditions, the evolution of attenuation-resistant FWs carrying different
longitudinal intensity profiles is compared with ordinary FWs that are not compensated for propagation loss.
4. RESULTS
Two different intensity profiles are presented: a) constant intensity pattern and b) on-off-on-off intensity profile.
Each pattern is encoded in the central spot of the beam (i.e. ρ = 0) using a superposition of zero-order (` = 0)
Bessel beams. The Q parameter is set to 0.99999565 × kr. This yields a maximum value of N = 8 which, by
substitution in Eq. 3, results in 2N + 1 = 17 Bessel beams in the superposition of Eq. 1. Here, the central spot
radius is ∼ 70 µm. We generate these patterns over a finite distance of 1 m. The extinction ratio of the modeled
lossy material is ni = 0.1× 10−6. In order to demonstrate that these waveforms are indeed immune to material
losses, each attenuation-resistant pattern is compared with its counterpart ordinary FW that is not compensated
for losses. The results and interpretation of our experimental observations are presented next.
4.1 First Pattern:
In the first example, we consider a constant intensity pattern F1(z) over a finite distance (z), which is described
by
F1(z) =
{
1 10 cm ≤ z ≤ 70 cm,
0 elsewhere.
(7)
Such intensity profile is frequently utilized in material processing and micro-drilling applications.7 Figure 2 (a)
depicts the measured intensity of an ordinary FW (not compensated for losses) encoded with the desired intensity
profile F1(z) in its central spot (ρ = 0). The figure is produced by aggregating several slices sampled from the
transverse images captured by the CCD camera with discrete steps of 1 cm along the longitudinal direction
(z). The rendered 2D longitudinal profile is filtered to reduce the CCD camera background noise. The sampled
intensity at ρ = 0 is plotted in Fig. 2 (b).
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Figure 2. Decaying ordinary FW in the presence of losses. a) Experimental data of the beam longitudinal intensity profile.
b) Intensity profile, |ψ|2, sampled at ρ = 0.
It is observed that, instead of maintaining the constant field profile suggested by F1(z), the central spot
intensity exhibits an exponential decay along propagation in good agreement with the theoretical prediction,
hence, validating our approach of introducing material loss using the SLM.
Compensating for the medium losses by introducing the factor eζi0z in Eq. 4 addresses the decay limitation
and yields FWs with predefined intensity profiles that can maintain its required level even in the presence of
losses. The attenuation-resistant FWs are illustrated in Fig. 3 for the same intensity pattern (F1(z)) encoded in
zero-order (` = 0) Bessel beams.
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Figure 3. Longitudinal intensity profile of attenuation-resistant FWs in the presence of losses. a) Simulation results. b)
Experimental data.
As the figure indicates, the desired longitudinal profile is preserved at almost a constant intensity level in
very good agreement with the theoretical model. The relatively larger spot size in the experimental data can
be attributed to the averaging process of the rendered CCD camera images. Realizing a non-decaying intensity
profile in the presence of losses requires increasing the amount of power in the lateral rings (side lobes) of the
FW. These rings act as an energy reservoir that intensifies the pattern encoded in the beam central spot, thus
satisfying the conservation of energy principle in the presence of losses.
The energy transfer from the side rings to the central spot compensates for the absorption effects and
preserves the spot at the desired intensity level. The reported attenuation-resistant behavior can be interpreted
as an intensified self-healing process; where, in the absence of material losses, such attenuation-resistant beams
will exhibit an exponential growth in their longitudinal intensity profile.
The transverse profile image of the CCD camera for the attenuation-resistant beam at the z = 20 (cm)
plane is shown in Fig. 4(a). The longitudinal pattern is sampled at the central spot (ρ = 0), as depicted in
Fig. 4 (b). The experimental measurements are in a very good agreement with the simulation model which fully
characterizes the generated beam propagation. The ripples observed in the intensity patters are predicted by
the simulation model and can be reduced by increasing the number of beams (N > 8) in the superposition of
Eq. 1, which requires an SLM with a larger bandwidth to modulate beams with larger values of ηm.
1 (mm)
(a)
0 10 20 30 40 50 60 70 800
0.25
0.5
0.75
1
1.25
1.5
1.75
2
2.25
2.5
z (cm)
|Ψ
(ρ=
0,
z,
t)|2
 
 
Desired Pattern
Simulation (N=8)
Attenuation Resistant FW (Exp) 
Ordinary FW (Exp)
(b)
Figure 4. (a)Transverse profile of the 0th-order beam at the z = 20 (cm) plane. b) Sampled longitudinal intensity
profile of FWs (at ρ = 0) in the presence of losses. The total input energy of the ordinary FW is the same as the
attenuation-resistant FW.
The sampled intensity profile is compared with the case of ordinary FWs which clearly exhibit an exponential
decay in the presence of modeled material losses. In order to perform this comparison we opted to generate the
ordinary FWs with a transverse profile that carries the same total power as the compensated FWs at the z = 0
plane (as opposed to fixing the energy level only at the center spot). This conservative treatment ensures a
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fair comparison between both classes of beams but also leads to the high intensity level observed in the central
spot of ordinary FWs at shorter distances. Clearly, the ordinary FWs, even with an equal total input energy,
do not preserve the desired intensity level for the entire propagation distance. This suggests that maintaining
the intensity profile using compensated FWs is a result of careful redistribution of energy along propagation as
opposed to merely increasing the input flux.
It should be noted that Gaussian beams typically suffer more severe decay with propagation due to both
attenuation and diffraction. In fact, a Gaussian beam with comparable spot size and input energy level, as the
presented FWs, would vanish after propagating z ∼ 20 cm using the above experimental settings.17 The main
advantage of FWs, in addition to its attenuation-resistance, non-diffracting nature and self-reconstruction, is
manifested in its ability to carry arbitrarily predetermined intensity profiles along (z), as presented next.
4.2 Second Pattern:
In this second scenario, we demonstrate arbitrary longitudinal control for FWs in the presence of losses. We
consider an intensity pattern F2(z) defined as
F2(z) =

1 10 cm≤ z ≤ 25 cm,
1 35 cm≤ z ≤ 50 cm,
0 elsewhere.
(8)
The above pattern is encountered in material processing applications and can be utilized in selective targeting
of body tissues over a desired region which is a common practice in imaging and cell treatment. The rendered
images of the longitudinal intensity profile of the produced beams are shown in Fig. 5. The measured waveforms
show a very good agreement with the theoretical model.
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Figure 5. Longitudinal intensity profile of attenuation-resistant FWs in the presence of losses. a) Simulation results. b)
Experimental data.
The evolution of the beam center spot is recorded at four different distances along z as depicted in Fig. 6
(a). It is observed that, over the region where the desired pattern carries zero intensity (25 cm≤ z ≤ 35 cm), a
counter self-healing effect takes place where energy flows away from the intense spot and is redistributed over a
ring of larger radius before it is focused again to form the second peak.
The intensity profile is sampled at ρ = 0, as shown in Fig. 6(b). It is noticed that the ordinary FWs suffer
from an exponential decay (pronounced by comparing the intensity of the second peak with the first peak of
the green curve). This behavior is clearly mitigated in the attenuation-resistant FWs, proposed herein, which
demonstrate an excellent agreement with the desired pattern. Realizing a predetermined intensity pattern in a
lossy medium is an act of careful self-healing of attenuation resistant FWs as opposed to merely increasing the
input power. When the initial power in ordinary FW is increased to be equal to the attenuation-resistant FW,
the generated beam only represents a rescaled copy of the desired pattern that still suffers an exponential decay,
as depicted in Fig. 6.
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Figure 6. (a) Evolution of the transverse profile of attenuation-resistant FW at z = 20, 30 and 40 cm, respectively. d)
Measured longitudinal intensity profile of FWs in the presence of losses. The input energy level of the ordinary FW is
the same as the attenuation-resistant FW.
5. CONCLUSION
In conclusion, we have presented an experimental demonstration of a class of beams, Frozen Waves (FWs), that
can maintain a predefined longitudinal intensity profile in the presence of losses. In addition to the compelling
features of FWs presented here, namely the arbitrary longitudinal control of the intensity profile while surviving
propagation losses, FWs also posses non-diffracting and self-reconstructing behaviors, which are inherent prop-
erties of Bessel beams. As such, we envision that these beams can lead to many new advancements to the field
of optical sciences and beam manipulation.
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